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ABSTRACT 

We obtain a three-parameter family of massive A/" = 1 supergravities in three dimensions 
rS \ from the 3-sphere reduction of an off-shell J\f = (1,0) six-dimensional Poincare supergravity 

^ ■ that includes a curvature squared invariant. The three-dimensional theory contains an off- 

shell supergravity multiplet and an on-shell scalar matter multiplet. We then generalise 
this in three dimensions to an eight-parameter family of supergravities. We also find a 
duality relationship between the six-dimensional theory and the N = (1,0) six-dimensional 
theory obtained through a T^ reduction of the heterotic string effective action that includes 
the higher-order terms associated with the supersymmetrisation of the anomaly-cancelling 
tr(i? A R) term. 
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1 Introduction 

Three-dimensional topologically massive gravity (TMG) was introduced long ago as a toy 
model for studying quantum gravity [Il[2]- The topological mass term was introduced in 
order to give dynamics to the gravitational field, but in order for the graviton to have positive 
mass it was necessary to reverse the usual sign of the Einstein-Hilbert term. This had the 
unfortunate effect that the BTZ black hole solution then has negative mass. Recently, it 
was observed that if the coupling constant of the topological mass term takes a certain 
critical value, the bulk massive graviton decouples, one can revert to the usual sign for the 
Einstein-Hilbert term, and thus one obtains a unitary theory where the BTZ black hole has 
positive mass [3]. The theory is dual to a two-dimensional chiral conformal field theory on 
the boundary. 

In subsequent developments in three-dimensional gravity, further generalisations were 
introduced involving the addition of higher-order curvature terms [U [5]. These multi- 
parameter theories allow families of parameter choices that again exhibit critical behaviour, 
with the massive graviton decoupling in the bulk. Supersymmetric extensions of these 
theories [6l[7], and also the original TMG theory O [HI El [6] , have been constructed. 

Even though the original motivation for considering three-dimensional gravity theories 
was that they might stand in their own right as consistent toy models for quantum gravity, 
it is nevertheless natural to ask whether these theories can be embedded in string theory. If 
this could be done, it could, as a toy model, help to shed light on the quantum description 
of gravity within string theory in higher dimensions. A first step was taken in [10] , where 
the 2-sphere reduction of a five-dimensional supergravity with curvature-squared terms |llj 
was considered. After the reduction in [10], non-local and higher-derivative field redefi- 
nitions were performed in order to remove the resulting curvature-squared terms in three 
dimensions, giving precisely the usual TMG theory. The use of such field redefinitions is 
somewhat questionable, since the solution space of the redefined theory is different from 
that of the original one [lOj 1^ The string theory origin of the five-dimensional theory, which 
is itself complete without requiring any terms beyond the quadratic order in curvature, is 
unclear. 

More recently, it was shown that theories of gravity with topological terms (of the 



^By the same token, such non-local higher-derivative field redefinitions could ostensibly be used to trans- 
form the "new massive gravity" theory of [4] into pure Einstein-Hilbert gravity. Again, the non-local, and 
non-invertible, nature of the transformations implies that the solution spaces in the two sets of variables are 
inequivalent. 



form tr(i? A R A ■ ■ ■ R A oj), etc.) in 4A; + 3 dimensions can be recursively embedded in 
higher-dimensional such theories via consistent reductions on homogeneous Einstein spaces 
of dimension 4n [12]. A special case of such reductions yields three-dimensional TMG from 
a seven-dimensional starting point [13 j . 

In this paper, we shall study the 3-sphere reduction of a six-dimensional off-shell Poincare 
supergravity with R + aRiem type action, where a is an arbitrary constant, which was 
constructed in [14^ I15j. We find that this reduction, upon a suitable and consistent trun- 
cation, yields a class of massive M = 1 supergravities in three dimensions which include a 
Lorentz Chern-Simons term. These are disjoint from a larger class of such models that were 
recently constructed directly in three dimensions [7|. We shall not carry out any non-local 
field redefinitions of the kind described in [10], which could ostensibly allow us to remove 
all the higher-order curvature terms except the Lorentz Chern-Simons term, for the reasons 
we discussed above. 

In section 2, we present the action, supersymmetry transformation rules and bosonic 
equations of motion for the six-dimensional R + a Riem supergravity model constructed 
in [141 [TS] . In section 3, we perform a consistent reduction of the six-dimensional theory 
on a 3-sphere, and obtain a three-parameter family of massive supergravities in three di- 
mensions. (There are two continuous parameters and a discrete parameter, which is the 
coefficient of the Einstein-Hilbert term, and which takes the values 1, or —1.) These the- 
ories comprise a mixing of an off-shell M = 1 supergravity multiplet coupled to an on-shell 
scalar multiplet. We give the full supersymmetric completion of the bosonic action, includ- 
ing those terms which have not previously been studied in [7]. In section 4 we generalise 
our three-dimensional theory to one containing eight parameters, thus extending previous 
results in [7]. We then study the critical points of these three-dimensional theories, i.e. the 
hypersurfaces in parameter space where the propagating gravity modes decouple. 

Having sucessfuUy embedded a generalised three-dimensional topologically massive su- 
pergravity in six dimensions, we can address the further question of whether the embedding 
can be lifted to string theory. The off-shell nature of the model ensures that the R and 
Riem actions are separately supersymmetric. By contrast, adding higher derivative terms 
in the on-shell supergravities, such as the ten-dimensional heterotic supergravity, requires 
a derivative expansion which is supersymmetric only order by order in a' . In attempting 
to embed the six-dimensional model we are studying here into ten-dimensional heterotic 
supergravity, we find, as discussed in section 5, that the 4-torus reduction of the latter, 
followed by a consistent truncation, is related to the six-dimensional model in a dual formu- 



lation. More precisely, it appears that the T^ dimensional reduction of the (infinite number 
of) terms in the heterotic a' expansion that are directly associated with the super symmet- 
ric completion of the tr(i? A R) anomaly-cancelling term seem to be reproduced simply by 
dualising the 2-form potential of the exact R + a Riem model. We provide evidence for 
this phenomenon by computing the leading terms in the correspondence between these two 
models connected by duality transformation. 

Our conclusions appear in section 6. Appendix A sets out our notation and conventions, 
and appendix B contains some formulae useful for the calculations in section 4. In appendix 
C, we present the six-dimensional off-shell M = (1,0) supergravity model, which was given 
in the string frame in section 2, in the Einstein frame. 

2 The Six- Dimensional Theory 

2.1 The off-shell Poincare multiplet and field redefinitions 

Our starting point is the six-dimensional J\f = (1, 0) supergravity constructed in |14j . using 
the 48 + 48 component off-shell Poincare supermultiplet consisting of the fields 

where e" is the vielbein, ipl^, (i = 1, 2), is the symplectic Majorana-Weyl gravitino, V^-* = Vfi^ 
is a triplet of SU{2) gauge fields, B^iy is a real 2-form potential with 1-form gauge invariance, 
Cfiupa is a real 4- form potential with 3- form gauge invariance, i;^ is a real scalar, and "0* is 
a symplectic Majorana-Weyl spinor. We shall work with the field strengths H = dB and 
G = dC. 

The full Lagrangian we shall study is a sum of the off-shell Poincare supergravity [T^ 



and an off-shell supersymmetrisation of R't^^^j [E]. The sum can be schematically written 



puab 

as 



e^^C = aR{e) + --- + lae'f'{Rf,^ah{ef + ---) , (2.2) 

where a is an constant, a = ±1, 0, and we have set the six-dimensional gravitational coupling 



constant to unity. It was shown in [T^ that the field redefinition 



a 



'^fi ^ ^^ 1 

e = e-^/^e. (2.3) 

lead to considerable simplifications in the supersymmetry transformation rules (detailed in 
the next subsection and appendix C) that facilitates the construction of the R^vahR^'^"'^ in- 
variant by analogy with the super Yang-Mills system. In particular, the dilaton dependence 
disappears in this invariant and the result now takes the form 

e-^C = ae-2<^ R{e) + --- + \a [R^,,ab{ef + •••)= e"' [oCr + \aCRi,,n^) . (2.4) 

2.2 The bosonic part of the off-shell Poincare action and supersymmetry 

In more detail, and dropping the hats for simplicity, the bosonic part of the full action is 
given by 

e-^Cn = e-^^(R + Ad^(t^d^'<P-^H^,,H^^''P + \vl,^Vt^ 

-^^^'^^■■"•^G.,....,y^.,<5*^- + ^^'^G,,...,,G^^-^- , (2.5) 

and 

e-^CR,,^2 = R^,abiuJ+)R^'''^\u;+) - G%G>t; + le^^'''''^^^R^,ab{u:+)R,.-\u+)Bxr , (2.6) 

where H^j^i^pe'^e^ = H^j^ab enters the spin connection as a torsion, 

io^,±'"' = a;/' ± IH^"" . (2.7) 

The spin connection oo^j^ab is the standard one that follows from de" + uj"'b A e^ = 0. The 
curvatures are defined as 



G% = 2a[^yjf + V[/(v,]^\ . (2.^ 



■^The redefinition of V^-' given in [15] is quadratic in fermions, which is not relevant at the order in 
fermions we are working in this paper. 



The off-shell supersymmetry transformations, up to cubic fermion terms, are given by 
[14\ [T5] (see appendix C for further details jf| 



K 


= 


^eF^i^f. , 


^^^. 


= 


^A^-)e , 


6B^, 


= 


er[^V.] , 


5v;^ 


= 


e-(TVAj.(c^-) + |e-(T./?V^), 


d^'lMUpa 


= 


2V2e-^^e' T^^.pii^ 5i, + l^e'^^'^lH' T^.^^iP^ 6ij , 


Si/j 


= 


ie50/4pM5^<^e - ^e^^^/^r • He - e<^77 


6<p 


= 


e-^^/^eV^ , 



(2.9) 



where T ■ H = T^'^PH^^p. The parameter 77, up to cubic fermions, is defined by 

1 ^//i„,,, ^i-o -eM-. 1 



r]i 



<^/^r^y(^fc5^)'=e,- + e''^/^r>^^-^^-G^,...^,e')du , (2.10) 



4^/2 ^ ' 5! X 8^/2 



and 



V';,,(a;_) = 2P[^(a;„)V't] = (5;. + K^'^'T,fe)c + ^^;'V'.i- /^ ^ ^^ • (2.11) 

The transformation rules for C^^pa and 1/;, </> in the form above were not given in [15] because 
they were not needed for the construction of the R^^y R^'^ ab invariant which involves only 
the fields (e^, 7/^^, S^;/, V^). We shall need these transformation rules, however, in the off- 
shell Poincare supergravity sector. 

2.3 The R^^abR^'"''' invariant 

The supersymmetrization of Rp.vabR^'^ in six dimensions has been accomplished in [15] 
by using the Noether procedure, and in [16] by exploiting a map between the Yang-Mills 
supermultiplet and a set of fields in the off-shell Poincare supermultiplet in |16j : 

4' ^/'' -^rt -^ (2^M+ ' -Gab'', i^lbi^^)) , (2.12) 



^ In the results of |15) . we have multiplied the action by 2 and let -ff^iyp — > —Hfj,„p. Furthermore, in eqn. 
(4.29) of [14j . 1/8 -^ 1/4 and —3/4 — > —3/8, thereby correcting the typos there. See appendix A for further 
information on conventions. 



where 

G% = G% + 2^Pllr-^Pil,{u;.) + i^f^ • /?<{ , (2.13) 

up to quartic fermions, and 

a5»^+ = a;/' + ^i^^T^^i^'^ + iV^'^r^V'" + ^H^"' • (2-14) 

As explained in [16], applying this map to the super Yang-Mills multiplet coupled to 
Poincare supergravity given in [l3j leads to the action 



+le^'''f"^^R^,''\Q+)Rp^abi^+)Bxr , (2.15) 

where, up to quartic fermions, 

V,{u;, a;+)<, = (s^ + ia;/'^r,,) V^, - 2u;^^[,%^ + ^V^^ V^],-- (2-16) 

The action is given modulo quartic fermions, and so in addition to the quartic fermion 
terms that have been suppressed, those which arise from the term R^yab{'^+)R^'^ y^+) ^-nd 
G]^uGf^ can be dropped. Note in particular that there will be terms bilinear in fermions 
coming from the fermionic torsion in the first term in the action. We have also used the 
fact that R^uab{<^-) = Rabfiui'^+) + fermion bilinears [15] . 

It will prove to be convenient to rewrite 'if) 'p{u: ,u:j^)ij)ab in terms of the torsionful spin 
connection co^^ . This leads to the action [151 US] 

e-'Cni,^2 = R,,ab{^+)R>'^'^\i:j+) + 2r\i^^muj^)^ab{i^^)-G%G't; 

-R^''''\u_)ijxTabT'''^A^-) + \r\^-)^ ■ H^abi^.) (2.17) 

+m^''Pi^^x{^^)Tp^,\u^) + le''''P-^-R^,''\u;+)Rp„ab{oJ+)Bxr , 

where 

V,iu.)^Pi, = (^d, + ic^^-^'^r.rf) ^|;l, - 2^^_[,^^^]), + ^V;^ ^^bj ■ (2.18) 

A few notational clarifications are in order. Firstly, ipabi'-^-) = CaC^ V'^,y(u;_), with 'il:^y{oj_) 
as defined in (|2.1ip . Using this definition in the second term in the above action gives 
2'0^'^(w_)|!)(w_,r_)Vv(^-) where 

r^^. = TP^, ± \HP^, , (2.19) 



satisfying the vielbein postulate 

^^,el + cu^i'^^'e.ft - T^^, e^ = . (2.20) 

and 

P;,(W_, r_)V^;,, = (5a + \ux-'''Tab) ^;. + 2r- A[;.C]. + \yl' ^f^uj • (2.21) 

2.4 The bosonic equations of motion 

After performing a consistent truncation of the auxihary fields, by setting 

V/f = , C^,p^ = , (2.22) 

the six-dimensional action is given by 

R + 4(9(A)' - ^H^^-^'H^J + laV^R^'^P'^R^.p^ + \(3Ccs ,(2.23) 



-ge~'^ 



where H = dB and 

C-CS = h'''''''^^ i?"^. RaPpa Bxr ■ (2.24) 

Here we have introduced the additional parameter /3 for convenience, so that we can dis- 
tinguish between terms coming from curvature squared, versus terms coming from the 
Chern-Simons term. In what follows we should keep in mind that six-dimensional super- 
symmetry will require /3 = iba, and in fact with the fermion conventions we shall be using, 
supersymmetry requires 

l3 = +a . (2.25) 

(For simplicity, we have not included the discrete parameter a, introduced in (j2.2|) and 
(|2.4p here. It can easily be introduced if desired by making the field redefinition — > 
4> — 2 log<^5 with a initially allowed to be any constant and then taken to be ±1 or after 
the substitution.) 

In the remainder of this section, we shall use the notation 



The Riemann tensor for this connection is defined bjo 

R°'l3^J,u = d^v^p - dyV^p + r^i^^r^^ - r;^^r^^ . (2.27) 

Thus we have 

i?" ^1/ = -R° fj.v + V[^i7^]° - ^H'^xi^iH y] . (2.28) 

The Chern-Simons term Ccs can be written as the 6-form 

Ccs = -29'^^ ^eap^B, (2.29) 

where O"'^ = 2^ i^y dx'^Adx'^ is the curvature 2-form with torsion. Up to a total derivative, 
it may also be written as 

Ccs = '^h^H, (2.30) 

where 

dig = tr(e A e) = -G"^ A G„^ . (2.31) 

The Chern-Simons form I^ is given by 

h = (r%;35,r^p« + |r%^r^,^rv) rf^^ A dx'^ A dx'' 

= 2CLCsd^x, (2.32) 

where we have used dx'^ A dx"^ A dx*^ = —e'^'^^d'^x and defined the Lorentz-Chern-Simons 
Lagrangian 

^LC5 = -|e^"''(r%/35.fV + ifVf^-,np„) . (2.33) 

Under a variation of the connection, we have 

5I3 = Sr'^^pR^up dxf" A dx" A dxf + d6i^ , (2.34) 

where 

5iy = dr'^^/sf^ya dx^" A dx" . (2.35) 



''From the vielbein postulate (|2.20|l . it follows that R^v°''^{uj+)e'^epb = R" /Sf^v Note that when writmg the 
Riemann tensor with all coordinate indices, we follow the original and standard general relativity convention 
of putting the manifestly-antisymmetric index pair to the right, R^^pa = 2dypr^ ^^^ + ■ ■ • , whereas when the 
Riemann tensor is written with two coordinate and two local Lorentz indices, we follow the supergravity 
convention of putting the manifestly-antisymmetric coordinate-index pair to the left, R^^'^^ = 29r^a;"[' -I- ■ ■ ■ . 
Since in the former case all the indices on the Riemann tensor are greek, whereas in the latter case there are 
two greek and two latin indices, there shoud be no confusion. 
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Thus in terms of components, we have 

ST^,p = GR^^i^jf^p-^p + 39[^5i/,^] . (2.36) 

We find that the equations of motion are given by 

e-^^ {R^u + 2V^V,0 - \H^p„H,n + \E^, = , (2.37) 



- lUlTp^, Rf'axr e^'^^^-'P - 6/3V^ (ijI^'^A ^i^^'"^) = , (2.38) 



R-A{V(f>f + 4n4>-^H^ = , (2.39) 



where 



-2a(vAi?"(/") H,),^ + 2aV^(i?^(/^//,),^) - aR" ^/^H,)^pH\x 
-2/3V^ (^^(/^ *H,)^^ + /3i?^(/^i7,)^^ *H\x (2.40) 



and *H^^P = ^e'^'^P^ Hf^Xr- (Note that the occurrence of some covariant derivatives with 
torsion, and others without torsion, is intended, and is not a misprint.) 

3 3-Sphere Reduction to Three Dimensions 

3.1 The full bosonic action in three dimensions 

We now consider the 3-sphere reduction, with the ansatz given by 

dsl = dsl + (iSi , Hs = 2S 6(3) + 2mS(3) , (3.1) 

where m is a constant, and dS| is the metric of the round S^ with Rij = 2mgij. Substituting 
the ansatz into the six-dimensional equations of motion (with the parameter a introduced 
by sending (f> — > cj) — ilogo", as discussed previously), we obtain equations of motion for 



11 



the three-dimensional fields: 

= anS + ae~^^S + m-^{l3m-aS){R + 6S^) , (3.2) 

= a{An^-4{d^)^ + R + 2S'^ + 4m'^) , (3.3) 

= (je^2<^ [i?^^ + 2V^V^0] - 2m55^^ 

+a ni?^,y — 2^fj,V,yR — AR^ Rxi, + 2RRiii^ + 25^*^^ [RpcrR'"^ — 12-^ ) 

+2/3m[S^g^,-G^,S+{V^V,-g^,n)S-C^,] , (3.4) 

where G^iy = R^y — \Rg^u-, and C^y is the Cotton tensor defined by 

C^u = e/''Vp{R„y-\g„yR) , (3.5) 



and the (j) field equation has been used to simplify the Einstein equation. Note from (13. 2p 
that although S is an auxiliary field in the lowest-order theory (where a = and /3 = 0), it 
becomes dynamical when a 7^ 0. 

It is useful to note, when performing the dimensional reduction, that the connection 
with torsion in the 3-sphere directions is flat, and so the curvature R^jm on S'^ vanishes. 

We find that the three-dimensional equations can be derived from the Lagrangian 

e-^C = ae-'^'^[R + A{dct)f + 4.m^ + 2S'^]+AmS-2Pm{RS + 2S^ -e-^Cl°Ss) 

+ \a[m^,yR^''' -R^ -^{dSf + 12S^ + ^8"^] . (3.6) 

For later purposes, we shall write this as 

C = aC% + 4m£g- + ia£^°L^ + 2/?m {CfSs " -^^3°^) , (3.7) 



where 



e"i£|'5 = 6-2-^ [i? + 2^2 ^ 4(a</.)2 + 4m2] , (3.8) 

e"^'C^°^^^2 = AR^yR^''' - R^ - S{dSf + 125^ + ARS^ , (3.10) 

e~ C]jjS = je^'^P IR^u"" UJpab + ■gtJfj.°'b^u c^p^a] , (3-11) 



e-^jT^r = RS + 2S^, (3.12) 

12 



where the spin connections and curvatures are both fermionic and bosonic torsion-free. (We 
write ijj for a;(e) for simpHcity in notation.) It is worth remarking that if we had simply 
substituted the ansatz (|3.ip into the six-dimensional Lagrangian we would have obtained 
the three-dimensional Lagrangian (j3.6p but without the AmS term, and of course it would 
therefore not have given rise to the correct three-dimensional equations of motion. It is well 
known that substituting a field-strength ansatz such as in (j3.ip into a higher-dimensional 
Lagrangian typically fails to give the correct lower-dimensional Lagrangian. It is interesting 
that the correct Lagrangian is obtained, even when H^yp enters in higher-order terms too, 
simply by adding the term AmS. 

The higher-order terms in the Lagrangian, proportional to a and /3, can simply be 
written as 

\aR^''""'R^,p„ - 2PmCl°Ss , (3-13) 

where the tildes indicate, as usual the curvatures and connections are those involving the 
bosonic torsion, as in ()2.26p with Hp^j^p = 2Sepyp. However, S cannot simply be absorbed as 
a torsion in the full theory, as can be seen even in the leading-order bosonic terms e~^Cj^^ 
and e~^CQ^. Furthermore, as we shall discuss below, the supersymmetric completions of 
the bosonic terms in (jS.lSp involve S-dependent terms that cannot be absorbed as a torsion. 

The three-dimensional model we have obtained is an intriguing mix of the off-shell super- 
gravity multiplet and an on-shell dilatonic scalar multiplet. The combination of invariants 
in the supergravity multiplet is special case of the more general massive supergravity ob- 
tained in [?]• However, our theory should not be viewed as trivial generalization of the 
more general massive supergravity by adding a matter coupling. Truncating out the scalar 
multiplet in our theory will not lead to the more general massive supergravity, but rather to 
the trivial Einstein- Hilbert term with a cosmological constant. This can be seen from the 
three-dimensional supersymmetry transformation rules, which will be given in (j3.25p below. 
Truncating out {(f), tp) requires us to take S = —m, and it follows from (jS.Sp that the Ricci 
scalar becomes a constant. Thus the matter coupling in our model is more closely related to 
the supergravity multiplet than a typical matter multiplet and the scalar multiplet should 
be viewed as an integral part of the theory. 

The scalar (j) in the three-dimensional multiplet has its origin in a mixing of the six- 
dimensional dilaton and the breathing mode of the reduction ansatz. Turning off the higher- 
order derivative terms, the relevant Lagrangian is given by (we set o" = 1 in the remainder 
of this subsection for simplicity) 

e-^A = e-2^(i? + 252 + 4(90)2 + Am^) + 4^ mS . (3.14) 

13 



Here, we have added a parameter ^, which takes the value or 1, since S is an independent 
invariant. Integrating out the auxihary field 5, we have 

e^^C3 = e^^'t'iR + 4(90)2 + 4m^ - 2^m^e'^'^) . (3.15) 

To see how this scalar (p arises as a mixing of the six-dimensional dilaton and the breathing 
mode, let us examine the six-dimensional Lagrangian in the Einstein frame, 

A = ^y^g[R-Ud4>f - i^e-^^Hf,^) . (3.16) 

The reduction ansatz including the breathing mode is given by 

dsl = e^'^^dsl + e^^^dSi , ^(3) = 2m(e(3) + C ^(Z)) • (3.17) 

where 0^ = 1 and b = —\a. Thus we have 

V = 2m2(ee^'^ + e-^'^)e^"^-6m2ei'"^ , (3.18) 

It turns out that we can make the consistent truncation, 

^ = \(t), <f = V2a(f>, (3.19) 

so that the resulting Lagrangian is given by 



V = -2m2(2e^'^-Ce2^'^). (3.20) 

The potential V can be expressed in terms of a superpotential as 

V=(^^'^''-W\ W = V2m{2eT2^-ie^^*). (3.21) 

The reduction ansatz now becomes 

dsl = e"78'^('e^'^dsi + dufj = e'^'^fer + dllf] . (3.22) 

It is clear that the vacuum solution AdSs x S^ with ^ = 1 is the decoupling limit of the 
self-dual string. For ^ = 0, the metric of the vacuum solution is a domain wall, which is the 
decoupling limit of the electric string. 
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3.2 The three-dimensional supersymmetry transformations 

Upon reduction to three dimensions, the supersymmetry parameter e*, which is a symplectic 
Majorana spinor, turns into a spinor e where the SO{2, 1) spinor index as well as the 
spinor index on which the S matrices act are suppressed, while the SO{3) spinor index A 
is exhibited. This spinor has 8 real components, and therefore it is associated with AA = 4 
supersymmetry in three dimensions. We shall truncate the theory to AA = 1 by setting 

e'^ = ^en'^. (3.23) 

■s/2 

The six-dimensional chirality condition now translates into r^e = e, and the six-dimensional 

symplectic Majorana condition becomes e* = — ie. 

In the reduction to three dimensions, we shall let /i — )■ (/i, fi') and a — )■ (o, a') where 

the primes are used in labeling the internal coordinate world and Lorentz vectors. In the 

bosonic sector we truncate as in (|2.22p and use ansatz (j3.ip . while in the fermionic sector 

we set 

V^;,^ = i=VM^^^, V'^^ = -^S2^0^^, V;.^ = 0. (3.24) 

As a consequence, we are left with the three-dimensional fields (e" V'^,S') and (^,</>). We 
find their supersymmetry transformations to be 



5e^ = ie-7>^, 

Sijjfj, = D^{u^)e = D^e + ^j^e S , 

5^ = 1 e^'^/^ (7^9^(^ + 5 + m) e , 

Scj) = e-5'^/^eV' , (3.25) 

where ilj^y{(jj-) = 2D[^(aj_)V',y] and 

^M±"' = '^/'±^/''5, (3.26) 



Using ()3.ip . we find that uj^i^"" '' = which simplifies the reduction formulae considerably. 
For example, ili^yi = and ip^iyi = 0. 

Our results for the transformation rules for (e",V'^,5) agree precisely with the known 
off-shell A/" = 1 supergravity multiplet transformations in three dimensions. The field S 
admits a torsion interpretation [6]. 
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In section 3.1, we explained why the scalar field S (and its fermionic partner) cannot 
be truncated away in presence of the higher derivative couplings, by considering the field 
equations. The supersymmetry transformation rules above provide another simple expla- 
nation of this phenomenon as follows. Setting (p = implies that S = —m. But then the 
supersymmetry variation of S implies the gravitino field equation without higher derivative 
terms. Hence, the higher derivative couplings must be absent altogether if we are to be able 
to truncate out the scalar multiplet. 

3.3 The supersymmetric completion of C^°^ and £^°® 

The supersymmetric completion of C^°^ and C^"^ can be obtained by performing the 3- 
sphere reduction of the off-shell Poincare sector of the six-dimensional theory. Since the 
fermionic sector of this theory has not been provided until now, we construct the super- 
symmetric completion directly in three dimensions, by starting from the bosonic sector and 
supersymmetry transformation rules we obtained from the 3-sphere reduction. We find, up 
to quartic fermion terms, 

e'^LEH = e-^^ [R + 2S^ + A{d(t>f + An?] 

i^'^^R^ + i)^^^" 11)^8^(1) + m'iljfj,-f'^'il' 
i)ipS + 2i)-f>'D^'4)-2mi)ilj\ , (3.27) 
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+i 



'Cc = 5 + IV^^t'^'V'. • (3.28) 



3.4 The supersymmetric completion of £^"^^^2, ^lcs ^^^ ^s^^ 

Using (I2.22p . ()3.ip and ()3.24p . we find that the 3-sphere reduction of the six-dimensional 
Lagrangian Cjn^^2 given in (I2.15P yieldcl 



®The reduction of the second term in (|2.15p gives rise to ijj°'^Ip{uj,u)j^)^ab with the covariant derivative 
defined in (|2.18|l for an Sp{l) singlet. We convert that to ijj°'''0{uj-)ipab with the covariant derivative defined 



in H3.30|l by adding and subtracting the required terms. Our result corrects that of [B] for the Riemann 



2 



mvar 



riant, where ?/;" Ip{uj)tpab is used, instead oi ip°' Ip{uj,uj+)'ipab 
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^ '-Riem? ' 






-8?n 



+8m 



2 ,", a ,*, h ,», c 



ie^^" i2^,"''(^)a;p,fe + {(^^\(^,\(bp\] + ii?'^(^)7.7/.^ 



i?(a;)S + 25^ - ii?^ (6^)7^7^ i?^(w) - ^^-i^^T d^S 



m;^r''R,{oj)S - i^^^V'M'^' 



modulo the quartic fermion terms in the sense described earher. Furthermore 



D^{L0-)'4)ab 



W,, 



OJ,. 



ab 






UJ„ 



ab 



ab p- abq 



(3.29) 

(3.30) 
(3.31) 
(3.32) 
(3.33) 



We have grouped the terms in p.29p as a sum of three terms, each enclosed in square 
brackets. Each bracketed set is separately invariant under three-dimensional M = 1 super- 
symmetry. The terms in the first bracket furnish a supersymmetrization of the Riemann 
tensor squared term (with bosonic torsion) . The second set of bracketed terms agrees with 
the topologically massive supergravity action Clcs that has been known for some time 
[2]. The third bracket provides a superextension of the combination RS + 2S^. Although 
the existence of such a super-invariant had been noted in [16], its explicit form has not 
previously been given. 

Up to quartic fermion terms, the Lagrangians for the three super-invariants can be 
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written more explicitly as 



p^'-pu ^ 'r I Yp \^''piy 



W- 



+ |V^m7''>. {3RS + 805 + 165^) + 2i;ab{oo-)lP{u;.)i;ab{o 
-R>'''''\u;.)i;xT'''r^i;^A^.) + 2S^P^,iu;_)^pj>'r''{u^-) , (3.34) 

+ie^^'' {rp„ - \gpaR\ i^ul'^^p , (3.35) 

e-^Css = RS + lS^-^R^^-f^^.R'-^^Y^'d.S 

^^^r^RuS-^Vi^f^S^ (3.36) 

where all curvatures in which the arguments are not indicated are understood to be torsion- 
free. 

4 Generalization of the Model in Three Dimensions and its 
Critical Points 

The three dimensional model we have obtained through the 3-sphere reduction from six 
dimensions has two continuous parameters, namely the cosmological constant ?n^, and the 
coupling constant a in front of the Riemann squared action, which are both dimensionless 
if measured in units of k (which we set to unity, for convenience). We can also include the 
discrete parameter a, the coefficient of the Einstein-Hilbert term, taking the values 1, or 
—1. Since the three-dimensional M = 1 supersymmetry is less restrictive than the original 
six-dimensional J\f = (1, 0) supersymmetry, we can generalise the three-dimensional J\f = 1 
theory to include eight parameters, with the Lagrangian in the bosonic sector given by 

£ = ae-2<^ [R + 252 + 4{d(Pf + 4m'^] + M£g°^ 

+i«^l?:m^ + 2/3m [d^Js - «^53^) + bClT + cCf^ , (4.1) 
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where /:g°^ C^l^2, C^cs and £|f are as defined in ([SSD, dSj]), dXTO]) and dXTT]) . while 
the last two terms in the Lagrangian are given by \\.f)\ [T6] 

e-i£^f = R^ - lQ{dSf + 12i?52 + 365^ , (4.2) 

e-^C^2^ = 3RS^ + 105^ . (4.3) 

Note that we have set k^ = 1 and introduced the new positive or negative real parameters 
M, a, b, c. Thus the count of eight parameters comprises seven real dimensionless parameters 
(measured in units of k), and the discrete parameter a = ±1,00 Compared to the seven- 
parameter model of [16] our extra parameter is m|3 
We note that 

D = 6 supersymmetry =^ M = 4m , /3 = a , a = 1 , b = c = . (4.4) 

It should be emphasised that the case with /? = —a can also be lifted to six-dimensional 
supergravity, provided that the supersymmetry transformation rules and spinor chiralities 
are modified appropriately. 

Turning to the generalized massive supergravity model, the bosonic part of the full 
Lagrangian takes the form 

e-^C = ae-^^{R + 4{d^f +2S^ + Am^)+MS + aR^^R'"' + l{Ab-a)R^ 

-2{a + 8b){dSf + (3a + 366 + 10c)5^ + (a + 126 + 3c)RS^ 

-2PaiRS + 25^) + 2/3me-^CLcs ■ (4.5) 

For generic values of these parameters, the fluctuations around the AdSa vacuum solu- 
tion is expected to describe two helicity |z^| = 2 states and three scalars, the latter coming 
from the trace of the metric, the auxiliary field S and the dilatonic scalar </>. For special 



®One could take the view that a should not strictly speaking be thought of as a non-trivial parameter 

in the theory, since, as noted in section 2, any value of a can be obtained from a = 1 by means of the field 

transformation — > 4> ~ \ logo"- However, it is useful to include it explicitly in the Lagrangian since the 

cases where a is negative and a = have properties that are physically distinct from the case when a is 

positive. Thus perhaps the most useful viewpoint is that there are three distinct seven-parameter theories, 

corresponding toCT = +l, a = --l and ct = 0. 

The counting of seven parameters in [16] also includes the discrete constant a, and again, one could 

perhaps most appropriately view the model as comprising three distinct six-parameter theories. Although 

there is no field in the theory in [16], a is again in a sense a "redundant" parameter, since it can be 

introduced, starting from the case cr = 1, by means of appropriate scaling transformations of the fields and 

the other coupling constants. 
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values of the coupling constants, however, some or all of the helicity |z^| = 2 states may 
become singletonic in the sense that they become confined to propagate on the boundary of 
AdSs- Additionally, it may be possible that the trace of the metric can be gauged away by 
residual coordinate transformations. The massive supergravity model with bosonic sector 
given in (j4.ip differs from that studied recently in [16] owing to the replacement oi R — 25"^ , 
which is the bosonic sector of the simple supergravity, by the Lagrangian (|3.8p . One of the 
consequences of doing so is that we have one extra parameter in the full Lagrangian. 

We expand the metric around the AdSa background as g^,y = Qf^i, + h^^^, and impose the 
gauge condition 

V^'H^^ = , where H^^ = /i^^ - i^^^/i , h = h^^g^"" . (4.6) 

We expand the scalar fields S and cj) around the supersymmetric vacuum solution S = —m 
and <j) = 0, and denote the fluctuation fields by s and <j), respectively. The requirement that 
the S field equation be satisfied by the vacuum solution implies that 

M = 4m{a + m^c) . (4.7) 

We shall use this relation in subsequent calculations to eliminate M. Setting m = 1 from 
here on for simplicity, the resulting field equations for the scalar fields (p, s, and the trace 
of the Einstein equation, respectively, take the form 

dancj) - a{n - 3)h - 6as = 0, (4.8) 

3(a + 86)ns + 3(o- + 3c + 67)s + 7(n-3)/i + 6CT0 = 0, (4.9) 

(n-3)y = 0, (4.10) 

where D is defined in the AdSa background, and 

Y = (a + 86) (D - 3) /i - 7/1 + 12 {ps + acp) , 

7 = a + 3c — a + 2/3a , 

p = 12b + 3c + a + (3a . (4.11) 



The s field equation differs from [16] only in presence of the scalar field (p ond the sign of a. 
As commented upon earlier, the scalar cp couples to the supergravity multiplet in a non- 
trivial way. It follows that, unless o" = 0, there is no choice of parameters for which all three 
scalars can be eliminated by using their equations of motion. Consequently, the discussion 
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of the unitarity of the theory is more compUcated than the discussion in [7], where, for a 
certain choice of parameters, s and h could be ehminated ahowing a unitarity condition to 
be obtained. If cr = 0, the partial results of [16] on perturbative unitarity can be used. With 
the parameters required hy D = 6 supersymmetry, however, one does not obtain a model 
for which a conclusion about perturbative unitarity can be drawn, based on the results of 
[16] alone. 

There remains the traceless part of the Einstein equation, which can be expressed as 

V{l)V{-l)Virj+)Virj.)H^, = 7"^ J^, , (4.12) 

where we have defined the differential operator 

['D{v)]/ = 5^'^ + r,e^'''^V^, (4.13) 

for a constant rj, and 



r?±=7'^(-/3±\//32-7aj . (4.14) 

Note that this result is independent of the parameter b that occurs in front of Cji2 in the 
total Lagrangian. We have assumed that 7 7^ 0. The source term is given by 

V = -3 (V^V. - lg^^uO) Y . (4.15) 

These satisfy i]+'r]^ = 07"^. The integrability condition V^J^u = is satisfied by virtue of 
the field equation (j4.10p . Provided that 7 7^ 0, the source term J^y can be absorbed into 
the definition of H^j^y in such a way that it maintains the traceless and transverse properties 
of H^y. 

For appropriate boundary conditions, the vanishing of the left-hand side of (I4.12P implies 
that H^y is annihilated by one or another of the four commuting T) factors. In general, the 
helicity v and lowest energy Eq of an excitation satisfying ^{rfjH^y = are given by [7] 

2r7 1 

v = -\, E^ = l + — (4.16) 

and the mode furnishes a unitary irreducible representation of the AdSa group if -Eq ^ I'^l) 
which means \rj\ < 1. If ry = ±1, the mode decouples in the bulk, and just describes an 
excitation in the boundary theory. Thus generically, when \ri±\ 7^ 1, there are two bulk 
graviton modes with |z/| = 1 and two boundary modes. 



*Note that by definition T>{-if)Hn^ means \V]fj,''Hp^, and that, as can easily be verified, this preserves 
the transversaUty and tracelessness of -ff^^. Furthermore, the operators commute on H^u, in the sense 
that [D{r]i),'D{'q2)]Hfj,v = for any 771 and 772. Another useful identity satisfied by these operators is that 
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The expression (j4.14p . for 7 7^ 0, agrees with that found for the seven-parameter action 
in [16j . The additional parameter that we have in our action and the couphng of the scalar 
multiplet does not change this result, because upon expansion around the vacuum solution 
we have employed, the linearization of \J—g \(je~'^^{R + 25"^ + 4?7i^) + MS\ gives the same 
result as \J —g [o'(i? — 25^) + MS\ in [16]. As we saw earlier, however, the field equations 
for the scalar fields do differ in the two cases. 

For 7 = 0, a straightforward limit of (j4.12p gives 



1 

2^ 



P(l)P(-l)P(r/)e^"'^V„F^, = -— V , (4.17) 



where r\ = — a/(2/3). The source term cannot be absorbed into a redefinition of H^^, in this 
case. Upon acting with ex'^'^Vr, the source term drops out, yielding [7] 

P(l)P(-l)P(r?)(n + 3)H^, = . (4.18) 

In addition to a single helicity 2 massive graviton, this equation also describes a partially- 
massless graviton [T71 [181 ES] ■ 

The critical points where the massive graviton decouples arise when either |ry+| = 1 
and/or |r/_| = 1 and/or ij^ =11-^ with 77-1- given in (j4.14p . The criticality condition in our 
eight-parameter model coincides with that in [7|, where an extensive list of critical points 
was given. For our three-parameter theory that can be lifted to six dimensions, a = 1, 
b = = c and the critical points are given by 

a = 1 : Case 1: (3 = +a : aa = —j , ry+ = 1 , 

Case 2: /3 = —a : aa = +4 , ry+ = ?7_ = 1 , 



cr = : 



Case 3: 


Any a^ p , 


v- = -i, 




Case 4: 


Any a = /3 , 


V+ = V~ = 


-1 



(4.19) 



In Case 1 and Case 3, there are only single helicity —2 bulk states with AdS energies Eq = 4 
and £^0 = 1 + 1(2/3 — a)/a\, respectively. In Case 3, taking (3 = —a gives Eq = 4 as well. In 
Case 2 and Case 4, there are no propagating bulk gravitons at all. 

Finally, we may evaluate the central charges for the right-handed and left-handed Vi- 
rasoro algebras of the boundary CFT, following the procedure described in [20l [211 ESI [7], 
finding 

CL = ^(a + 3c + 2/3(a + l)), Cfi = ^(a + 3c + 2/3(a-l)). (4.20) 
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(We have restored Newton's constant in order to simplify comparison with previous results.) 
For our three-parameter theory coming from the reduction from six dimensions, we have 
a = 1 and c = 0. Thus for cr^ = 1, we have cl = if a/3 = -i, while Cr = 3a/ (2G). This 
corresponds to the critical points listed as Case 1 and Case 2 in (j4.19p . If instead cr = 0, 
then Cr = for any /3, and Cl = 6f3/G. In this case, /3 can be chosen so that Cl has any 
desired value. This may have interesting consequences for the corresponding CFT. This 
case leads to the critical points listed as Case 2 and Case 4 in ()4.19p . 

In summary, Case 2 can be viewed as the higher-derivative generalization of chiral 
gravity proposed in [3|, and Case 4 is an alternative higher-derivative version in which the 
Hilbert-Einstein term is omitted, with the parameters chosen in each case so that no massive 
gravity modes arise. Moreover, this phenomenon occurs in the alternative theory for any 
value of the parameters with q = /3. 

5 Dualisation and the Heterotic String 

The six-dimensional supergravity whose bosonic Lagrangian is given by (j2.23p is closely 
related to the dimensional reduction of the effective theory of the heterotic string. To be 
more precise, we may consider the ten-dimensional supergravity constructed in [23], where 
the supersymmetrisation of the anomaly-canceling tr{R A R) term in the Bianchi identity 
for the 3- form H^^^ was studied. The goal in p^ was to consider only those terms that 
are necessary in order to obtain a Lagrangian that remains supersymmetric when the the 
Bianchi identity dF^^^ = tr(F A F) is modified to dF^) = tr(F A F) - a' ti{R A R). It 
was shown that this requires introducing higher-order curvature terms in the Lagrangian, 
starting with jae~'^'^R'^'^'"^ R^j^ypa, and that furthermore the curvature in these terms is 
built from the connection T^^yp = T^^p — i^^^vp with bosonic torsion. Supersymmetry 
requires that the Lagrangian with the anomaly-canceling tr(i? A R) term have corrections 
to arbitrarily high order in a' (and hence arbitrarily high powers of the curvature). In [23], 
these corrections were studied up to and including order a' . 

If the theory of |23j is reduced on T^ to six dimensions (setting the Yang-Mills fields to 
zero, and consistently truncating to keep only the relevant fields), it can be compared with 
the theory of [HI [15] , given in ()2.23p . The reduced heterotic effective action gives 



^6 = V-ge 



-2(f> 



R + A{d<t)f - ^F^'^'Fp.p + \aR^'''P''%,p„ + 0{c?) , (5.1 



where here the curvature in the terms at order q is calculated using the connection V^ 



vp 
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^^up - \F^vp, and F(3) is given by 

F(3)=dA(2)-ia/3. (5.2) 

If we neglect for a moment the torsion contributions to the higher-order curvature terms 
in the two six-dimensional theories, it is easy to see that ()2.23|) and (j5.1|) are related by 
dualisation, with the dilaton and metric of the theory (|2.23p transformed according to 

(/> — >-(t), Qiiu — >e~'^'^g^,u- (5.3) 

(All fields on the right-hand sides are the transformed fields.) Then we define (using the 
dualised dilaton and metric) 

-^ IJ.vp ^ Q^pi/paPy ^ -" ■ v^'^j 

Note that under this dualisation, the Chern-Simons term Ccs in (!2.23p gives rise to the 
anomaly-canceling tr(i? A R) term in the theory described by ()5.ip . 

If we include the torsion contributions, the duality between (j2.23p and (|5.ip is harder 
to see, but we conjecture that it does still exist, and it implemented by exactly the same 
transformations (|5.3p and (j5.4p . It should be emphasised that in particular, this conjec- 
tured duality relates the exact, closed-form, theory given by ()2.23p (which has no curvature 
corrections beyond 0{a)) to the theory described by (|5.ip with its curvature corrections to 
all orders in a. 

The strongest reason for believing this duality conjecture is that the theory described 
by (j2.23p (together with its fermionic terms as given in [141115] ) is exactly super symmetric, 
with M = (1,0) supersymmetry. On the other hand, the theory described by ()5.ip (together 
with its fermionic terms) is the dimensional reduction of the supersymmetrisation of the 
anomaly-canceling tr(i? A R) in ten dimensions, and this theory (after the reduction and 
truncation we have performed) also has M = (1,0) supersymmetry in six dimensions. In 
each case, the supersymmetrisation procedure gave a unique result. Since the dualisation 
of (j2.23p will certainly give rise to some six-dimensional theory with an anomaly-canceling 
tr{R A R) term, the uniqueness of the constructions implies that it can only be giving rise 
to the theory described by (j5.ip . 

A remarkable consequence of this duality is that the infinite set of correction terms to 
all orders in a that are needed in order to supersymmetrise the anomaly-canceling tr{RAR) 
term in the theory studied in [23]) can be deduced (modulo terms that vanish in the T^ 
reduction) simply by performing the dualisation of the theory constructed in (|2.23p . which 
is exactly supersymmetric without the need for any corrections beyond the order a. 
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Providing a complete proof of the duality would be quite involved, and we shall not 
attempt it here. Instead, we shall just focus on a sub-calculation that is already non-trivial, 
and that elucidates a seemingly puzzling aspect of the dualisation. The puzzle is that in 
both the formulation in (|2.23p and the formulation in (|5.ip . the quadratic curvature terms 
are constructed from a connection with bosonic torsion; —-^H^yp in the case of (j2.23p and 
— ^^F^vp in the case of (|5.ip . However, these fields are related by (|5.4p . and so one might 
have expected that if the (j2.23p theory had torsion proportional to Hp^p then the dual 
theory would have torsion proportional to e-pypai3'^F°' rather than Fpyp. Here, we shall 
look specifically at the contributions at linear order in Fpi,p, associated with the anomaly- 
canceling term tr(i? A i?), in the expression for the dualised field-strength. This calculation 
shows how the torsion is indeed proportional to Fp^p, and not ^pupa/S'yF""^ . A further 
simplification in our calculation will be to neglect terms where derivatives land on the 
dilaton field. 

To begin, we expand the the terms in the Lagrangian ()2.23p in powers of Hpyp, keeping 
only those of quadratic or lower order. From (j2.28p we have, up to quadratic order in Hpi^p, 

— ^ R^^'"^Rp.vpcT — RalipyHaXpHp u — 2^ ^ (^ pH y"^ —\7yHp°' )H'^al3, 

which, upon use of the Bianchi identity (i//(3) = and the zeroth-order equation of motion 
^^Hpyp = (recall we are neglecting terms involving derivatives of (j) here) gives 

R'^'P'^Rpupa = R'^'^'^Rpupa - m^^^^ H^XpHpK + 0{H^) . (5.5) 

The Chern-Simons term in (|2.23p has the expansion 

^CS = -72/^ V-g e'^^P"^'^^ Ipyp HafS^ , 

= -^iS^/^e'^'P'^^^ (Vp H^p^ + 3Hp^x R'^Kp Hafsj) + 0{H^) . (5.6) 

Using the Schoutens identity R^^^yp e^'^P'^^^ii = 0, we find, after some manipulations, that the 
second term in (j5.6p is proportional to the Ricci tensor and hence by using the zeroth-order 
Einstein equation (with derivatives of (j) neglected), it becomes of higher than quadratic 
order in H. To the order we are working, Lagrangian (|2.23p can therefore be expanded as 



C 



e 



20(^ - 1-^Hl) - UlpupH^p, e^'^P^^^ - laR'^P^'^ H^XpHp\] . (5.7) 



To perform the dualisation, we next add a Lagrange multiplier term 

CLM = -igV^ FpupH^p^ e^^P^f"^ (5.8) 
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to the Lagrangian, where Ffgj = dA(^2), make the changes of variables given in ()5.3p and 
(|5.4p . and then vary with respect to Hap^y. This gives the result that 

Ffiiyp = 3d[^A^p] - \l3I^up - |ai?"'^[^i, Fp^^p ■ (5-9) 

With a = /3 we see that indeed this is the correct expansion, up to linear order in F(3), of 
the expression 

F(3) = dA(2) - ia/g , (5.10) 



where 



/3 = (r^/^s.r'^p, + |r%;3r^^r^p„)(ix'' a du'^ a dx" , (5.11) 



with V^iyp = r'^jyp — ^^F^up- Thus at the order to which we have worked here, we have sseen 
how the two six-dimensional theories are related by duality. 

It should be emphasised that from ()5.3p . the relationship between the six-dimensional 
theory constructed in |14^ I15| . and the dimensional reduction of the heterotic string, is 
non-perturbative in nature, since the sign of the dilaton is reversed. Consequently, the 
embedding of the three-dimensional massive supergravity in string theory is also of a non- 
perturbative nature. This is consistent with the fact that both the three-dimensional and 
the six-dimensional theories are complete, whereas the higher-order terms in the heterotic 
theory require infinite sequences of higher curvature terms. 

6 Conclusions 

In this paper we have obtained a new type of massive three-dimensional gravity, by per- 
forming a 3-sphere reduction of the off-shell six-dimensional N = (1,0) supergravity that 
was constructed in [141 flS] . This six-dimensional starting point is of particular interest 
because it is fully supersymmetric with just quadratic curvature terms added to the basic 
Poincare supergravity, and hence we can obtain a closed-form result in three dimensions. 
The three-dimensional theory comprises an A/" = 1 off-shell supergravity multiplet coupled 
to an on-shell scalar multiplet which cannot be non-trivially decoupled. The theory has 
three parameters (two continuous plus one discrete). 

Because the constraints of A/" = 1 supersymmetry in three dimensions are weaker than 
those oi M = (1,0) supersymmetry in six dimensions, we can actually relax the relations 
between the coefficients of the terms in the dimensionally-reduced Lagrangian, whilst still 
maintaining J\f = 1 supersymmetry. In this way, we then generalised our original three- 



26 



dimensional theory to one containing eight parameters (of which seven are continuous and 
one is discrete). 

We also considered the possible relation between our six-dimensional starting point in 
|141ll5j. and the heterotic string in ten dimensions. More specifically, we focussed on the ten- 
dimensional supergravity considered in [23], in which the anomaly-cancelling tr{RAR) term 
of the heterotic theory was supersymmetrised. This required the introduction of curvature- 
squared terms, and in fact an infinite sequence of higher-order curvature terms (which were 
not constructed in [23]). If this theory is reduced on T^ and truncated to A/" = (1,0), 
the resulting six-dimensional theory must evidently be the dual of the theory constructed 
in [14^ [TS] that served as our starting point in this paper. This is rather remarkable, 
since the reduction of |23j would yield an infinite sequence of higher-order curvature terms, 
whereas the theory in [141 [T5] is exactly supersymmetric with no curvature terms beyond 
the quadratic order. 

As is known from recent work, there are quite large classes of higher-order superinvari- 
ants in three dimensions that each involve only a finite number of terms. So far, in six 
dimensions, the only known example is the curvature-squared invariant studied in |141ll5j. 
It would be interesting to investigate whether further such invariants might exist in six 
dimensions. 

The 3-sphere reduction that we performed in this paper was a very simple one that did 
not involve non-singlets under the action of the isometry group of the sphere. It is unclear 
whether a consistent reduction that retained all the 50(4) = SU{2)l x S'C/(2)^ Kaluza-Klein 
gauge fields is possible, but it would certainly be possible to perform a consistent DeWitt 
group-manifold reduction, retaining the gauge fields of SU{2)ji and all other singlets under 
SU{2)l. Such reductions of six-dimensional supergravity, in the absence of higher-order 
curvature terms, have been considered in the past [Ml ESI [26]. It would be interesting to 
carry out analogous reductions including the higher-order terms. 
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A Notation and conventions 

The six-dimensional F-matrices obey the CHfford algebra {rajTft} = 2r]ab with ijab = 
diag(— ,+,..., -|-jj. The spinors in six dimensions are symplectic Majorana-Weyl, obeying 
the reality condition 

OjiY = Bn'^^Pj , i = l,2, (A.l) 

where ^ij = —Qji is the ^^(l) invariant constant tensor, and B is constructed from six- 
dimensional F-matrices such that 

r* = -sr„5-\ b'^ = -b, b* = -b. (a.2) 

The Dirac conjugate is defined as ■;/'* = i {iJji)*jo. The Sp{l) indices are raised and lowered 
using Q: 

i;' = n'^tPj , Vi = V'^'%* , ^ij^^'" = -Sf ■ (A.3) 

The contraction of the Sp{l) indices is such that eip = e^ipi- The fermionic bilinears have 
the property ?r,,...a„^^' = -(-l)"^^r,„...aie'. 

Under 50(5, 1) -^ 50(2,1) x 50(3), we let a -^ {a,a'), where now a = 0,1,2 and 
a' = 1,2,3, and the F-matrices decompose as 

Ta = 7a X 1 X Si , Ta' = lX CTa' XT,2 , 

B = 1 X (72 X S3 , F7 = -FoFi • • • Fe = 1 X 1 X S3 , 

l/il.../i6 ~ ~^lll...tJ.6^ 7 ■ (^-4) 

where {7a,7fe} = 2r/afe with rjab = diag(— , +, -|-), and aa' as well as (Si,S2,S3) are are the 
standard Pauli matrices. In our conventions 7Q12 = 1- The supersymmetry parameter has 
positive chirality Fye* = e*, which implies S3e* = e*. Our conventions for the Levi-Civita 
tensor densities in six and three dimensions are that £012345 = +1 and eoi2 = +1- 

B Expansion formula 

Given the action 



/ = / cfx,/^ {ciR% + C2R^) , (B.l) 



^This convention differs from that in [14] where rjat = diag(+, +,..., +). Accordingly, we let g^i-^e _^ 
_j^ai...aa jjj j24]. Our definition of the Ricci tensor R^i, — g^^ R^ix^t also differs from that of [14] where 
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its variation with respect to the metric is 

51 = j d?x5g^''',/^L^, , (B.2) 

where 

L^^ = -{2c2 + ci)V^yyR + cinR^^ + \{Ac2 + ci)g^,^UR (B.3) 

-i(c2 + 2ci)ff^^i?2 ^ (2c2 + 3ci)RR^^ - \cx (sR^xRK - ^9,^uRlr) ■ (B.4) 

The hnearizations of various quantities about AdSa with R = 6A, in the gauge X/^H^i, = 
with Hfj^^ = h^y — ^g^i^h, and with total derivative terms discarded, take the form: 

rW ^ (5/^-i?^,,)« = -|(n + 3A)/i, 

CW = -^(n-2A)e^^^V^Hf,,. (B.5) 

(A superscript '^^ indicates that the quantity on which it has been placed is linearized around 
the AdSa background. After doing this, we then drop the bars from derivative operators in 
the background.) At the higher derivative level, the following expansion formula is useful: 

(nR^^f^ = n(4i)-2Av) 

= -^D (D - 2A) H^y - iV^V, (D + 6A) /i - Ig^^n (D + 2A)h. 

(B.6) 

Note also that (Di?)^^^ = Dfl^^) and (V^V^i?)^^^ = Vf.V^R^'^^. Other useful formulae 
include the arbitrary variation of the Einstein-Hilbert Lagrangian 

6 i^/^R) = V^ {G^u - V^V. + 5^. D) Jff^'^ , (B.7) 

and the commutators 

p,v^]/i = v^(n + A)/i, 

P,V^V,]/i = 6A(V^V,-i5^,n)/i. (B.8) 

Finally, we record the three-dimensional identity 

R^,^' = 4i?[^[»e,]''l - i?e[^['^e,]^l . (B.9) 
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C OfF-shell Af = (1,0) supergravity in 6D in Einstein frame 

The bosonic part of the Lagrangian is given by 



1 „ „ 1 



2 ^ ^,G,,...,„G>^^-^^ - —^e^-^--^G,,...,.j;'5,, . (C.l) 

The action is invariant under off-shell supersymmetry transformations, which, up to cubic 
fermions, take the form 



5el = ieT'^V'^, 
5(1) = e-'^etp , (C.2) 



where 



'^^ - 16 



k (r^'^r, - fr.r"-) v^',. - ^r,x 



4V2 ^ ^ 5! X 8V2 






and 



P^^ = p^(a;)V; + ^r-i/^^-ie^r'^9,</>V^^ + e'^</.^, (C.4) 



It was observed in [15] that the fields 4> and "0 can be eliminated from the transformation 
rules of the multiplet of fields (e^, V'^, V?, B^,^) by means of the the field redefinitions (|2.3p . 
These redefinitions lead to drastic simplifications and, dropping the hats on e^jip^ and e~ 
for simplicity, yield the transformation rules (j2.9p . 
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